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Abstract. Let /(G) be the edge ideal associated to a simple graph G. We 
study the graded Betti numbers that appear in the linear strand of the minimal 
free resolution of I{G). 



Introduction 

Let R = k[xi, . . . , Xn] with k a field. If G is a simple graph (no loops or mul- 
tiple edges, but not necessarily connected) with edge set Eq and vertex set Va = 
{xi, . . . , then associated to G is the monomial ideal I{G) := {{xiXj \ {xi, Xj} € 
Eg}) in R called the edge ideal of G. We would like to establish a dictionary between 
algebraic invariants of I{G) and numerical data associated to the graph G. Such a 
dictionary might then allow us to prove graph theoretical results algebraically, and 
vice versa. Among the many papers that have studied the properties of edge ideals, 
we mention El [El ESI III HSl HI Hi EOl EH 123 

In this paper we investigate the relation between the graded Betti numbers aris- 
ing from the resolution of I{G) and numerical information associated to G. Recall 
that if / is a homogeneous ideal, then we can associate to / a minimal graded free 
resolution of the form 

where I < n and R{—j) is the i?-module obtained by shifting the degrees of R by j. 
The number (3ij{I), the ijth graded Betti number of /, equals the number of gen- 
erators of degree j in the ith syzygy module. Since /(G) is a square-free monomial 
ideal, our principal tool to study the numbers /3ij (/(G)) will be Hochster's formula 
(see Propositions 11.11 and II .2|l . 

Some relations between the numbers (3i_j{I{G)) and the properties of G have 
already been established. For example, from the construction of /(G) we see that 
PoAHG)) = #Eg, and Pa^.j{I{G)) = for j ^ 2. Formulas for the Betti numbers 
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of the first syzygy module are given in 0. In jl5) it is shown that /3i,2(i+i) (-^(G)) 
with i > I is the number of induced subgraphs of G consisting of exactly « + 1 
disjoint edges. Zheng [221 showed that when G is a tree, the regularity of /(G), 
a measure of the "size" of the resolution, is also related to the number of disjoint 
edges of G. Many other such relations between l3ij{I{G)) and G can be found in 
the thesis of Jacques |T^ . 

In this note we shall focus on the graded Betti numbers of /(G) that appear in 
the linear strand. When / is generated by elements of degree at least d, then it can 
be shown that = for all j < i + d. Thus, the first graded Betti number of 

interest is Pi^i+d{I) for each 1 < i < I. The numbers (3i^i+dil) for i > describe the 
linear strand of the minimal resolution of /, i.e., they count the number of linear 
syzygies appearing in the resolution. It is then of interest to understand what the 
linear strand can tell us about / (cf. ^ElEI)- Because /(G) is generated by 
monomials of degree 2, we will be interested in the numbers /?i^i+2(/(G)) for i > 0. 

The contributions of this note are as follows. If G has no induced 4-cycles, 
then we provide an exact formula for /3i^i+2(/(G)) in terms of data associated to 
G. In particular, our result applies to all forests. As well, we give formulas for 
/3i^i+2(/(G)) for i = 0, . . . , 3 for any simple graph G. The formulas for i = 0, 1 
were known, but our proofs are new. We also give upper and lower bounds for 
/3i,i+2(/(G)) for any simple graph based upon the numerical information associated 
to the graph G. Using growth bounds on the Betti numbers of lex ideals, we also 
obtain a purely graph theoretical result by providing a lower bound on the number 
of triangles in G. 

1. The graded Betti numbers of an edge ideal 

The main result of this section is to express (3ij{I{G)) in terms of the dimensions 
of the reduced simplicial homology groups of a simplicial complex constructed from 
the graph G. 

1.1. Graphs and simplicial complexes. Let G denote a graph with vertex set 
Vg — {a;i, . . . , and edge set Eq. We shall say G is simple if G has no loops 
or multiple edges. A simple graph need not be connected. The degree of a vertex 
Xi G Vg, denoted degx^, is the number of edges incident to Xi. 

If 5 C Vg, then the induced subgraph of G on the vertex set S, denoted Gs, 
is the subgraph of G such that every edge of G contained in S is an edge of Gs- 
The complement of a graph G, denoted by G"^, is the graph whose vertex set is 
the same as G, but whose edge set is defined by the rule: {xi,Xj} £ Ego if and 
only if {xi,Xj} ^ Eq. We shall let #comp(G) denote the number of connected 
components of G. Furthermore, we let l{G) denote the number of isolated vertices 
of G. It is then clear that #comp(G) > l{G). 

The cycle on n vertices, denoted G„, is the graph with Vq — {a;i, . . . , a;„} and 
Eq = {{a;i, a;2}, {x2, xa}, . . . , {x„, xi}}. A forest is any graph with no induced 
cycles; a tree is a connected forest. The wheel Wn is the graph obtained by adding 
a vertex z to G„ and then adjoining an edge between z and every vertex Xi G Vg„ . 
Note that Wn has n + 1 vertices. The complete graph on n vertices, denoted /sr„, 
is the graph with the property that for Xi ^ xj G Vk„, the edge {xi,Xj} G Ek„- 
The complete bipartite graph, denoted Kn,m, is the graph with vertex set Vg = 
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{xi, . . . ,Xn,yi, ■ ■ ■ ,2/m} and edge set Eg = {{xi,yj} \ I < i < n, 1 < j < m}. We 
shall write c„(G'), Wn{G) , kn{G) , and kn,m{G) for the number of induced subgraphs 
of G isomorphic to C„, Wn, Kn, and Kn^m, respectively. 

A simplicial complex A on a set of vertices V = {xi, . . . , a;„} is a collection of 
subsets of V such that {xi} G A for i — 1, . . . ,n, and for each e A, if G C F, 
then G e A. Note that G A. Associated to A is a square- free monomial ideal /a 
in i? = k[xi, . . . , Xn]- More precisely, the ideal 

is the Stanley- Reisner ideal of A, and I a is generated by the square- free monomials 
that correspond to non-faces of A. 

If G is any graph, the clique complex is the simplicial complex A(G) where 
F = {xij , . . . ,Xi.} e A(G) if and only if G^;- is a complete graph. 

If G is a simple graph with edge ideal /(G), then the ideal /(G) is generated by 
square-free monomials. So /(G) is also the defining ideal of a simplicial complex 
A, that is, /(G) = I a- Specifically, /(G) is the Stanley- Reisner ideal associated to 
the clique complex A = A(G'^). 

1.2. Graded Betti numbers of edge ideals. Let / be a homogeneous ideal of 
R. The ijth graded Betti number of I, denoted (3i_j{I), is given by 

A,,(/) =dimfeTorf(/,fc),. 

If / is also a monomial ideal, then / also has an N"-graded minimal free resolution. 
As a consequence Torf (/, k) is also N"-graded, and we have 

A,a(/) = dimfc Torf (/, k)a with a G N". 

When / = /a is the Stanley- Reisner ideal of a simplicial complex, Hochster 
described the N"-graded Betti numbers of /a in terms of the dimensions of the 
reduced homology of the simplicial complex A. To state the result, we require the 
following notation: if m is a monomial of /? = . . . , x„] of multidegree a € N", 
then we define 

Torf(/A,A:)„ := Torf (/a, fc)a 

Proposition 1.1 (Hochster's Formula). Let A be a simplicial complex on vertex 
set {xi, . . . ,Xn} and let m be a monomial of R. If m is square-free, then 

dimfc Torf (/a, A:)„i = dim^ /fdcg(m)-i-2(|TO|, k) 

where Hj{\m\, k) denotes the jth reduced homology of the full subcomplex \m\ of A 
whose vertices correspond to the variables dividing m. If m is not square-free, then 
Torf (/a, A:)„j vanishes. 

By specializing this result to edge ideals, we obtain: 
Proposition 1.2. Let G be a simple graph with edge ideal I{G). Then 

Aj(/(G)) = 'I™''- HJ-^-2{A{G''s),k) for all i,j > 0. 

SCVg, \S\=j 



4 



ON THE LINEAR STRAND OF AN EDGE IDEAL 



Proof. We sketch out the mam idea of the proof. Let A — A(G"^) be the simplicial 
complex defined by /(G). It follows from ProDOsition ll.il that 

A,,(/(G)) = /?„(/a) = Yl d™*^- Hj-,-2i\mlk) 

m £ Mj, m is square- free 

where Mj consists of all the monomials of degree j in R. Since deg m = j and 
m is square- free, the variables that divide m give a subset S C Vq of size j. Let 
Gs denote the induced subgraph of G on this vertex set S, and let Gg denote its 
complement. To finish the proof, it is enough to note that the full subcomplex \m\ 
of A(G'^) and A(G|) are the same simplicial complex. □ 

Remark 1.3. A similar formula for Pij{I{G)) can be found in While Proposi- 
tion 1 1.21 gives a formula for all the numbers l3i,j{I{G)), the formula appears difficult 
to apply since one has to compute the dimensions of all the homology groups 
Hj^i-2{^{Gg),k) as S varies over all subsets of Vg of size j. Moreover, it is not 
clear how this formula relates to data associated to G. 

2. The Betti numbers in the linear strand of an edge ideal 

In this section we shall give some exact formulas for the graded Betti numbers 
in the linear strand of /(G) when G is a simple graph. 

Proposition 2.1. Let G be a simple graph with edge ideal I{G). Then 

A,,+2(/(G))= (#comp(G^) - 1) /or a/H > 0. 

Vb, |5| = j-l-2 

Proof. By Proposition 

/3m+2(^(G))= dim,i/o(A(G|),fc). 

S QVg, \S\=i + 2 

Now dimfc //o(A(G^), A:) = #conip(A(G^)) — 1. It now suffices to note that the 
simplicial complex A(G^) and Gg have the same number of components. □ 

Remark 2.2. From this reformulation it is clear the numbers /3i_i+2(/(G)) do not 
depend upon the characteristic of the field k. See Katzman for further results 
on the dependence of (3ij{I{G)) upon the characteristic of k. 

Remark 2.3. It will sometimes be convenient to write [3i^ij^2{I{G)) as 

(1) ft,.+2(/(G))= (#comp{G|) - 1) -f (#comp{G|) - 1). 

5 C Vg, 5 C Vg, 

|S| = j-l-2, |5|=j-l-2, 

contains an G^ contains no 

isolated vertex isolated vertices 

Although the formula in Proposition is defined strictly in terms of the graph 
G, the formula has the disadvantage that one must sum over all S C Vg of size 
i -|- 2. A further reduction can be made if we impose an extra hypothesis on G. We 
say that G has no induced 4-cycle if for every 5 C Vg with \S\ = 4, then Gs ^ G4. 
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Proposition 2.4. Let G be a simple graph with edge ideal I{G). If G has no 

induced A-cycles, then 

ft,,+2(/(G)) = ("^+1) - for all I > 0. 

Furthermore, the above formula holds for all simple graphs G if i = or 1. 

Proof. The hypothesis that G contains no induced 4-cycles is the same as saying 
that for any subset S of the vertices, at most one connected component of Gg is 
larger than a vertex. That is, if Gg has two connected components, each containing 
an edge, then letting 5" be the set of the four vertices in these two edges we see 
that Gs' is an induced 4-cycle of Gs- Therefore, to count #comp(G5) — 1 we can 
simply count the number of isolated vertices in G|, the "—1" term being taken care 
of by the component which isn't a vertex; we thus overcount by one whenever Gg 
consists completely of isolated vertices. 

For any vertex v, the number of subsets S of size i + 2 containing v such that v 
is an isolated vertex in Gg is {'^^_^^)- To take care of the overcount, note that Gg 
consists of isolated vertices exactly when Gs is a complete graph on i + 2 vertices. 
Subtracting the number of times this happens gives the formula above. 

Now let G be any simple graph. To compute I3i^i+2{I{G)) when i = or 1, we 
need to count the number of connected components of G|. when \S\ — 2 or 3. But 
for any simple graph on two or three vertices, at most one connected component 
can be larger than a vertex. The proof is now the same as the one given above. □ 

Remark 2.5. It follows from the construction of I{G) that /3o,2(^(G)) = #i?G- 
Coupling this result with the above formula gives the identity 

#Eg^ Y degv-k^iG). 
veVc 

But fc2(G) = #-Eg since each edge is isomorphic to K2- We thus recover the well 
known Degree-Sum Formula which states that 2#i?G = X^ueVc degv. When i = 1, 
we have the formula /3i^3(/(G)) = E^gVg i'^T) " ^3(G). Since ksiG) is simply the 
number of triangles in G, we recover the formula of P]. 

Since forests do not have cycles, we get an immediate corollary. 

Corollary 2.6. Let G be a forest with edge ideal I{G). Then /3o,2(^(G)) = #i?G, 
and 

A,.+2(/(G)) = (f+ 1) * > 1- 

Remark 2.7. Zheng studied the graded Betti numbers of a special class of sim- 
plicial complexes that generalized the notion of a tree (due to Faridi j^). Proposi- 
tion 3.3 of 1^ gives an explicit formula for the graded Betti numbers in the linear 
strand of a d-dimensional pure tree A connected in codimension 1. When c? = 1, A 
is simply a connected tree. Zheng's formula agrees with ours in this case. 

We now provide formulas for /32,4(/(G)) and /33,4(/(G)) for any simple graph G. 
The formula for /32,4(/(G)) verifies the conjecture of 
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Proposition 2.8. Let G be any simple graph with edge ideal I{G). Then 
P2a{I{G)) = ^ f'^''^'') -fc4(G) + fc2^2(G) and 



veVa 



where d{G) is the number of induced subgraphs of G isomorphic to the graph D 
given below: 



Proof. Suppose i — 2. We will compute both sums in to find the value of 
I32a{I{G))- Suppose S" C Vg is such that has an isolated vertex. The remaining 
three vertices of Gg must form a simple graph. By considering all possible simple 
graphs on three vertices, we will have 

#comp(G^s) - 1 = i(G^) 

except when Gg is the graph of 4 isolated vertices, that is, Gs — K4, in which case 
we have 

#comp(G^) - 1 = LiG's) - 1. 
The first sum in the expression for P2a[I{G)) therefore equals 

E ^(Gs)- E i-E hi-MG). 

S QVg, 151=4, Gs'^Ki dsVg V / 

contains an isolated vertex 

On the other hand, suppose S" C Vg is such that Gg has no isolated vertex. 
We can further assume that G5 is disconnected, because if G| is connected, no 
contribution is made to /?2,4(^(G)) for this subset. But then the only possibility 
for G|. is two disjoint edges, or equivalently, Gs = K2.2- So the second sum in 
must equal A;2,2(G), thus giving the desired formula for /32,4(/(G)). 

Suppose now that i — ?>. If 5* C Vg is such that jS"! = 5 and G^ has an isolated 
vertex, then the remaining four vertices form a simple graph. By considering all 
possible simple graphs on four vertices, we have 

if Gs ~ Wi 

#comp(G|) 1={ /,(G^) - 1 if Gs - i^s ■ 




otherwise 



Thus 



E (#comp(G^s) - 1) = E i'^T) " + 



S C Vg, \S\ = 5, ^^Vg 



Gg contains an isolated vertex 



Now suppose S is such that IS*] = 5 but Gg has no isolated vertices. Since 
such an S will only contribute to /33,5(/(G)) if Gg is disconnected, we can further 
assume that S is such that Gg is disconnected. By considering all simple graphs 
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on 5 vertices, wc find there are only two possibilities for S: either Gs = -?^2,3, or 
Gs is isomorphic to the graph D. In both cases, #comp(G5) — 1 = 1. Hence 

J2 (#comp(G^) - 1) = fc2,3(G) + d{G). 

S C Vg, \S\ = 5, 
Gg contains no isolated vertices 

If we substitute these values into Q), we get the desired formula for /33,5(/(G)). □ 

For any homogeneous ideal ICR generated in degree d, we say / has a linear 
resolution if j3ij{I) — for any j ^ i -\- d. In other words, the only non-zero 
graded Betti numbers of / are those in the linear strand. When / = /(G) for some 
simple graph G, Froberg jTj gave a characterization of those ideals having a linear 
resolution in terms of chordal graphs. We say G is a chordal graph if every cycle of 
length ri > 3 has a chord. Here, if {xi, X2}, ■ ■ ■ , {xn,xi} are the n edges of a cycle 
of length n, we say the cycle has a chord in G if there exists vertices Xi,Xj such 
that {xi, Xj} is also an edge of G, but j ^ i ± 1 (mod n). 

Proposition 2.9. Let G be a graph with edge ideal I{G). The edge ideal I{G) has 
a linear resolution if and only if G"^ is a chordal graph. 

Using this criterion and the results of this section we can completely describe 
the graded minimal free resolutions of /(G) when G — Kn or /C„^,„. These results 
were proved via different means in 1131 . 

Example 2.10. (The resolution of /(/v„)) The complement of Kn is simply n 
isolated vertices, and hence, I{Kn) must have a linear resolution by Proposition 
12.91 Moreover, no induced subgraph of Kn will be a 4-cycle. Proposition 12.41 then 
gives A,,+2(/(/C„)) = E.6V^„ (t+Y) - k^+2{Kn) for aU i > 0. Each vertex of Kn 
has degree n — 1, and Kn has (^^2) subgraphs isomorphic to Ki+2- The above 
expression therefore reduces to 

/3,,,+2(/(/^„)) = (^ + 1) (^^ " 2) ^"'^ * - 0- 

Example 2.11. (The resolution of I{Ka,b)) Let G ~ Ka^b be a complete bipartite 
graph. We write the vertex set of G as Vg = {2^1, . . . jXa^yi, ■ ■ ■ ^ yt} so that Eq — 
{{xi,yj} I 1 < I < a, I < j < b}. For all a,b > 1, the complement of G is the 
disjoint union of Ka and Kf,- Since this graph has no induced cycle of length > 4, 
the resolution of /(G) is linear by Proposition |^J 

Because G^ — Ka U Ki,, for any 5 C Vg with \S\ = i + 2, we have 

2 iiSn{xi,...,Xa} + and 5n{2/i,...,2/f,} 7^ 



„ \ _ / 2 if 5* n {xi 

:^comp^ _ otherwise 



By Proposition 12.11 to determine /3i.i+2(/(G)) it therefore suffices to count the 
number of subsets 5 C Vg with |5| = i + 2 and #conip(G5) — 2. 

There are ("^2) subsets of Vg that contain i + 2 distinct vertices. Furthermore, 
(i+2) these subsets must contain only vertices among {zi, . . . , Xa}; similarly, 
(1+2) these subsets contain only vertices among {yi, . . . , y^]. It thus follows that 

^ -(.:,)-(.^,)fo, all, >o 
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since the expression on the right hand side counts the number of subsets S ^ Vg 
with jS"! = z + 2 and S contains at least one Xi and one yj vertex. 

3. Bounds on Betti numbers in the linear strand 

In this section we provide some bounds on (3i,i+2{I{G)) for any graph G. 
Proposition 3.1. Let G be a simple graph with edge ideal I{G). Then for all i > 



/3,,,+2 (J(G)) > ('^''^yi ~ hMG) + k2a{G) + h,^-i(G) + ■ ■ ■ + k^^^ r^l(G). 

Remark 3.2. When G has no induced 4-cycle we have kj^i+2-j{G) = for j = 
2, . . . , [-^J . In this case /3i_i+2(/(G)) agrees with the lower bound by Proposition 
12.41 The numbers I3i^i+2{I{G)) are also given by lower bound when i = 0, 1, or 2. 

Proof. We will use the formula for (3is+2{I{G)) as given in equation Suppose 
that S* C Vg is such that Gg contains an isolated vertex. If Gg consists entirely of 
isolated vertices, i.e., Gs = ^1+2? then 

#comp(G?,) - 1 = l{G's) - 1. 

On the hand, if Gg has at least one component consisting of an edge, then 

#comp(G-s) - 1 > i(G|) 

since the takes care of the component containing the edge. It thus follows that 

J2 (#comp(G^) - 1) > ^ c{G%)- J2 1- 

SCVg, SCVg, SCVg 

\S\ = i + 2, |S| = i + 2, Gs^K,+2 

Gg contains an Gg contains an 

isolated vertex isolated vertex 

For any vertex v, the number of subsets S of size i + 2 containing v such that v is 
an isolated vertex in Gg is ('^j'^/')- We thus obtain the bound 

(2) E (#comp(G^) - 1) > E f'^fy) - 



Vg, \S\ =i + 2, ^^^G 



Suppose that 5 C Vg is such that Gg contains no isolated vertices. If Gg 
is connected, then this subset S does not contribute to the value of (3i^i+2{I{G)) 
because #comp(G^) — 1 = 0. So, we can assume that S is such that Gg has at 
least two connected components. 

Now if 5 is such that \S\ ~ i + 2 and G5 = Ka,i+2-a for some a = 2, . . . , [^-^J , 
then Gg has exactly two components, and no component is an isolated vertex. 
Thus, each such S contributes exactly 1 to the value of (3i i+2{I{G)), and hence 
(3) 

J2 (#comp(G=5) - 1) > k24G) + ■■■ + fcL^j,ri±ii (G). 

SCVg |5| = i + 2, 
Gg contains no isolated vertices 

By now combining the bounds (|2Jl and we get the desired conclusion. □ 
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Recall that the elements of N" can be given a total ordering using the lexico- 
graphical order defined by (ai, . . . , a„) > (61, ... , 5„) if ai = 61, . . . , a^-i = bi-i but 
a-i > bi. This induces an ordering on the monomials of R: ■ ■ ■ x'^ >iex ■ ■ ■ a^r" 
if (oi, . . . , a„) > (61, . . . , bn). A monomial ideal / is a lex ideal if for each d G N, 
a basis for Id is the dim^ Id largest monomials of degree d with respect to the 
lexicographical ordering. 

Proposition 3.3. Let G be a simple graph and let {toi, . . . ^m^Eo} t^^g 
largest monomials of degree 2 in R with respect to the lexicographical ordering. Then 

#Eg 
t=l 

where ut is the largest index of a variable dividing mt . 

Proof. Let L be the lex ideal with the property that H^/j^, the Hilbert function of 
R/L, is the same as the Hilbert function of R/I{G). By the Bigatti-Hulett-Pardue 
Theorem (see we have 

Aj(/(G)) <ftj(i) foralH,j>0. 

In particular, Pi^i+2{I{G)) < (3i^i+2{L) for all i > 0. Since L is generated in de- 
grees greater than or equal to 2, it follows that (3i^i+2{L) = (3i^i+2{L2) for alH > 
where L2 is the ideal generated by all the degree 2 monomials in L. More- 
over, since IIji/h^q){2) — iJfl/i(2), L has #Eg monomials of degree 2. Thus 
L2 = (wi, . . . , m^Ea) where the m^s are the ^-Eg largest monomials of degree 2 
with respect to the lexicographical ordering. Note that L2 is also a lex ideal. 

To get the desired conclusion, we use the Eliahou-Kervaire resolution (see [2) 
of Borel-fixed ideals (a class of ideals which includes the lexicographical ideals) to 
compute /3i,i+2(i2): 

P^,^+2{L2) = E ("^ , ) alH > 

where ut is the largest index of a variable dividing mt . □ 

Remark 3.4. We can give an explicit description of the ^-Eg largest monomials of 
degree 2. Let j be the integer such that 

n + {n-l)^ h n - (j - 1) < #Eg <n + {n-l)^ h n - j, 

and let I = jj^Ea - ECo (" ^ J = 0, then we take ECd(" - = 0.) Then 

the #i?G largest monomials of degree 2 are 

{a^l T XiX2t . ■ . ^ XiXn t X2, X2X3 , . . . , X2Xn , X3, . . . , a;j_|_]^ , . . . , X j-\.\X . 

Notice that since we are only interested in the indices, which only depend upon 
#£'g and #Vg, Proposition IO can be written without reference to monomials. 

The bound in the previous result is not related to the numerical information of 
the graph G, but is based upon results describing the growth of Betti numbers of 
monomial ideals. By playing this result against the exact formulas of the previous 
section, we can derive bounds on information describing the graph. For example, 
as a corollary, we derive a lower bound for the number of triangles in a graph. 
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Corollary 3.5. Let G he a simple graph, and let j and I be defined from ^Eg as 
above. Then 

{o^ E (T) - ^ (T') + G ! 3) - + • ■ ■ + 0- + ^ - 1))} ^3(G). 

Proof. Let {x^, X1X2, . . . , • ■ • , xj+iXj+i} be the ffEa largest monomials of de- 
gree 2 with respect to lexicographical ordering. By combining Propositions 12 . 4l and 
IH.HI we get 

/A \ 

/3i,3(/(G)) ^ E ( r)-fc3(G)<E-*-i 

veVc ^ ^ t=i 
where ut is the largest index of a variable dividing mi . From our description of the 
monomials, it is now a calculation to check that 

(We have used the fact that n = #^0.) After substituting this result into our 
inequality for /3i^3(/(G)) and rearranging, we the get desired bound. □ 

Remark 3.6. The above result is far from being the best lower bound for the number 
of triangles in a graph. However, the above results nicely illustrate that a better 
understanding of the behaviour of Betti numbers of monomial ideals will give new 
algebraic tools to prove graph theoretical results. 
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